B.sc(H) part2 paper 3
Topic:Theorem (homomorphism &
isomorphism)
Subject:mathematics

Dr hari kant singh

RRS college mokama

heOrem 1; To show that the relation '=' of being
isomorphic is an equivalence relation on any set S of
groups.

Proof : We shall prove that the relation of isomorphism
denoted by = in the set S of all groups is reflexive, symmetric
and transitive. Let G, H, K € S.

Relexive : G= G, -
Let f be the identity mapping on Gi.e. f: G G : “
such that flx) = x for all x € G.
Obviously fis one-one onto.
Also, Let x, y € G, then flx) = x and fly) = y.
Axy) = xy
= f1¥) Ay).

Hence f preserves operations in G and G. Thus f is an
isomorphism of G onto G. Hence G= G.
Symmetric: iie. G= H= H=G.

Let G = H. Let f be an isomorphism of G onto H. Then fis
one-one onto and preserves operations in G and H.

Since fis one-one onto, therefore it'is invertible, i.e. f!

exists. Also we know that the inverse function f!is one-one
onto. : |



Now we shall ahow that /' ¢ H - G also preserves

opcralilon.
Let X, if ¢ M. Then there exist elements x, y e 6
surh that fU{ )= yand /' {f) = ¥ |
s AN =X NY =y
Now, /U ix i) = £ 1A ) from (1)
= 1 ) sinee fixy) = flx) iy

wnkidd

= xy; from definition of f*
= 1) £ ) from (1)
f! preserves operation in Hand G .
Hence H =G.
Transitive : 1.e. G=H H=z=K—=>G:=K.
Suppose G is isomorphic to Hand H is isomorphic to K.
Further suppose that f: G - H and g: H— K are the
respective 1somorphic mappings.
Thengof : G- K.
If both f and g are one -one onto, we know that the
composite mapping
gof : G - Kdefined by
gof(x) =glfig] forall xe G
is also one-one onto.
Further, if x, y € G, then
(gofl xy) = g [fixy)
= gUfIxXAY)], -- fis an isomorphism
= 9liXlglly)); g is an isomorphism
= (g o) ()] [(gof (y)]
Hence g o f preserves operations in G and K.
g o fis an isomorphism of G on K and: .'+G =K

Hence the relation of isomorphism in the set of groups is
an equivalence relation.
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Theore m 2 e be 2 hﬁmoxnorphism of groups,

tf:6-->C ;
:j;: I{' ecand ¢ be the identities in Gand & respeeﬁ% i
; ; NE:

then fle) = € nel
(i) If fla) = a\ then fla’’) = (a)™

ie. flal) = ()] ! for all @ € G
In other words, if f1 G— G' be a homomorphism, then

their identities correspond and their inverses correspong,
(iii) If the order of a ¢ G is finite, then the order og
i ivisonof the order.ef a. :
R iy diviserg,
) : : 3

Y
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Proof : (i) Let fiel = € where e is the identity of G and -

e € Q. :
If fis a homomorphism, we have to prove that €' is the
identity of &'
Take x e Gand let iy = X (X e G').
Now X = ex, :
fix) = flex)
= flel * flx): since s a homomorphism
= X =gy

which means that €' (i.e. fig)) is the identity in G'.

(11) Given fla) = @'

Now aa™! = e (the idenuty n Q)

flaa’!) = fle) = €'; from ()
That 1s, fla) - fla?) = € since fis a homomorphis:
ie. aflal) = ¢

which means that the in\?erse of a' 1s ﬂa‘“‘)‘
That is, flal)y=(a)) = [ﬁ(‘l)]“l‘

(i) Let @ € Gand ola) = m.

Thus, we have ojq)=m = q" = ¢,

ﬂam) =:fle)i7



- ARaaa .. to m factors) = ¢
fla) Aa) ... mtimes = ¢ = [Aa)|™ « ¢
Henc?- it rt\ 18 lht:. mx\im‘ o,t‘ jm) n G, then n must be g
Ryisor of my we. o{fial) 18 a divisor of ola).
Theorem : Show that every isomorphic imngc of a
cyclic group is again cyclic.
proof : Let G = <a> be a cyclic group generated by a. Let G
pe an isomorphic mmage of G under the 1somorphism fi.e.
f: G — (,?.

The elements of G are the images of the elements of G under
the mapping f.
Let fla") €G be the image of the element a® € G.
We have,
flah) =flaaa..ton factors)
= fa) fla) Aa) ... to n factors, since fis an isomorphism.
[Aa)l”
Thus we see that every element of &' can be expressed as an
integral power of fla).
Hence G' is cyclic and fla) is a generator of G,

tTheorem : Show that every homomorphic image of
’E!:" Abelian group is Abelian.

Soln. : Let G be an Abelian group. Let fbe a hamomorphic
mapping of Gonto G'. Then G’ is a homomorphic image of G.
It is to prove that G is Abelian,
Let @', ' be any two elements of @',
Then fla) = a' nnd Ab) = b for some @, b Q.
We have, a'b' = fla) Ab) = flad)
«+f is homomorphic mapping
Aba)y - G s Abehan

= Nb) la) = ba

Hence @' is Abelian,




